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An expanded Neugebauer model for printer color formation

Huanzhao Zeflg a Peter G. Anderson"

a8715 Edulis Court, San Diego, CA 92129
bComputer Science Dept., Rochester Institute of Technology, Rochester, NY 14623

ABSTRACT

A model to predict colorimetric value for color printers is presented. The Neugebauer narrow-band color mixing model was
applied with modifications. While sixteen primaries are used for four-color printing process in Neugebauer model, we used
two data sets in our model, one with eighty-one CMYK primaries and the other with one hundred twenty-five CMY primaries.
Two Yule-Nielsen factors were applied to optimize the CMYK set and the CMY set separately. The Yule-Nielsen factors
were optimized by minimizing LE*L*a*b* or LE*94. The Neugebauer colorimetric quality factor (CQF) was applied as a
weighting function to optimize dot areas. By optimizing primaries and applying the CQF weighting function, the average
color error and the maximum color error decrease significantly.

Keywords: color calibration, colorimetric, halftone, color printing, color difference

1. INTRODUCTION

In 1936, Murray and Davies' published a model to predict the tone reproduction of binary printing process. This model was
extended by Neugebauer2 in 1937 for color halftoning. However, variation from this linear optical model is often significant.
Yule and Nielsen3 modified the tone reproduction model in which they incorporated an empirical factor n to fit the non-linear
relationship between total reflectance and dot area. Viggiano4' further improved the model by applying the Yule-Nielsen
factor n into the Neugebauer narrow-band model. This model and its variations have been widely used to model binary color
printers'5. Another model, Kubelka-Munk equation was also used for printer color formation by many authors'20. Arney's
model2' preserves the linearity of the Murray-Davies equation, and explains the reflectances of paper and inks as functions of
dot areas. Balasubramanian22 extended the Neugebauer model into a cellular framework model in which the primary colors
are not limited to sixteen. Due to the increase number of primaries in the cellular model, it yields more accurate result from a
finer interpolation. Zeng23 applied the Neugebauer colorimetric quality factor (CQF)24' 25 to optimize the dot areas of
colorants for the narrow-band Neugebauer model and for the cellular model. By using this model, the color error decreases
significantly.

In this paper, a model modified from Nuegebauer model is presented in which variable primaries can be used. By optimizing
the number and the locations of the primaries, optimizing the Yule-Nielsen n factors, and applying Neugebauer CQF
weighting, very small color error can be achieved.

2. THE NEUGEBAUER EQUATION AND YULE-NIELSEN MODIFICATION

The simplest tone reproduction model, the Murray-Davies model, can be expressed by the following equation

R=(1-a)R0+aR1, (2.1)

where R is the total reflectance, R0 is the reflectance of the base which is usually paper, R, is the reflectance of ink, and ais
the relative dot area of the ink (0 � a � 1).

The narrow-band equation based on this model can be written as

R() = (1 - a)R0(A) + a R(), (2.2)

*
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where R()) is the total reflectance at wavelength , Rd) is the reflectance of paper at wavelength , and R1(A) is the
reflectance of ink at wavelength 2.

In the case of a four-color printing process, a color is the combination of four colorants, cyan (C), magenta (M), yellow(Y),
black (K), and white paper (W). The Neugebauer equation for a four-color binary printing process is given by

R(A)CMYK=aR(t), (2.3)

where R(A)CMYK 5 the total spectral reflectance in a given wavelength A, i is the i-th Neugebauer primary, R1() is the spectral
reflectance of the i-th primary in the given wavelength ), and a, is the relative area of the i-th primary. The a1s are given by

ao = (1-c)(1-m)(1-y)(1-k)
a1 = c(J-m)(1-y)(1-k)
a2 = m(1-c)(1-y)(1-k)
a3 =y(1-c)(1-m)(1-k)
a4 = k(1-c)(1-m)(1-y)
a5 = cm(1-y)(1-k)
a6 = cy(1-m)(1-k)
a7 = ck(1-m)(1-y)
a8 my(1-c)(J-k) , (2.4)
a9 =mk(1-c)(1-y)
a10 = yk(1-c)(1-m)
a11 =cmy(1-k)
a12 = cmk(1-y)
a13 = cyk(1-m)
a14 = myk(1-c)
a15 cmyk

wherec, m, y, and k are dot areas of cyan, magenta, yellow, and black colorants, respectively.

The Murray-Davies equation is valid only for zero optical gain behavior. Yule and Nielsen improved the Murray-Davies
equation by incorporating an n factor to curve-fit the optical gain. Thus, equation (2.1) becomes

R' = (1 - a) R01 + a R' . (2.5)

This is the Yule-Nielsen equation. Viggiano extended the Yule-Nielsen effect to the Neugebauer equation to predict the color
of halftone printing by equation (2.6).

16

R(A)CMyK'=aIR(A) . (2.6)

Both the dot area a, and the Yule-Nielsen n factor are usually determined at the same time. If spectral reflectances are
measured from 400 nm to 700 nm with intervals of 10 nm, there are 31 equations to determine two variables, a,and n. And
the n value must be the same for all dot areas. Therefore, criteria, such as minimizing the color difference or minimizing the
difference between the predictive reflectance and the corresponding measured reflectance, must be set so that a,and n could

be decided.

Zeng23 has developed a model to optimize dot areas. By using this model, the dot area a in equation (2.6) is treated as a
function of wavelength, ), as shown in (2.7).

28
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. (2.7)

The dot area, a, is optimized by the following equation (2.8), and n is optimized by minimizing zE*L*a*b* or E*25 26

a =w(Aa(A), (2.8)

where w(A) is a weighting function which is determined based on the human color vision characteristics.

Neugebauer's colorimetric quality factor (CQF) is used as the weighting function w(A). The CQF has been used to determine
how close a spectral response is to a color mixture functionA 25 The CQF is the nonlinear combination of the orthonormal
set of the CIE 1931 2-degree color matching functions. Fig. 1 shows the CQF function. Since human eyes are quite
insensitive to the wavelengths below 400 am and wavelengths above 700 nm, the weights in these areas are nearly zero.
Three peaks approximately correspond to the most sensitive wavelengths of the three cone types of the human eye26' 27

U..0
C.)

Fig. 1 Neugebauer's colorimetric quality factor (CQF).

For binary printers, each channel can only print a dot or print nothing. In other words, each channel prints only two different
dots, 0% dot or 100% dot. Therefore a four-color printer can only print sixteen different colors. This is the reason that the
primaries are sixteen in the Neugebauer model. Balasubramanian expanded the Neugebauer model into a cellular framework
model in which the values between 0% and 100% can also be used as primaries. Geometrically, this is equivalent to
performing pentahedral interpolation in 4-D CMYK color space. If primaries are the combinations of C, M, Y, and K being
0, 0.5, and 1 (the in-between value is not necessary to be exactly 0.5), the total primaries are 34 which is 8 1 . If two in-
between values are used, the total primaries are 44which is 256. If three intermediate values are used, the total primaries are
increased to 54 which is 625. By analyzing the patches of 81, 256, and 625 primaries, we found that there are a lot of darkor
almost black patches. The reason is that all values of K are used to mix with any CMY values. If we do not mix all CMY
with every K, color patches more uniformly distributed in a visually uniform color space can be obtained. By using these
more uniform color patches as primaries, we can build a more accurate color model with a smaller data set, and also have
color errors distributed more uniformly.

If we use n4 (n is 3, 4, 5, ...) primaries for four-color printers, we still use equations (2.7) and (2.8) for color modeling.
Primaries to predict an unknown color are still sixteen. The difference between this model and the original Neugebauer
model is that the sixteen primaries in Neugebauer model are not changed for any input CMYK values, while the sixteen
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primaries in the cellular model are determined based on the input CMYK values. For example, if cyan dot area c =0.45, an

cyan dot areas in the primaries just below 0.45 is 0.4 and just above 0.45 is 0.6, c is re-scaled to c' =2_' 0.4 0.25 (see
0.6—0.4

Fig. 2).

()
0.4

0.2

0.4

C

Fig. 2 Re-scale cyan dot areas in the expanded Neugebauer model.

By using n4 primaries, there are more dark colors than light colors for modeling. Thus dark colors are over-weighted in the
modeling. It would be good to choose primaries so that their colors are distributed in the whole printer color gamut as
uniformly as possible in a visually uniform color space, such as CIEL*a*b* color space. However, before we model the
color behavior of a printer, it is impossible to find the CMYK set so that colors of this set distribute uniformly in CIEL*a*b*
color space. Nevertheless, we know that uniformly sampling in the CMYK color space is not good because it makes denser
sampling in dark and black areas than in the light area. A general idea is to apply all combinations among CMY, but apply
very few combinations of high K value with high CMY values. Following is an example to choose primaries.

We used eighty-one (which is 34) primaries by sampling in CMYK color space and found that the maximum color error is still
very large. We suspected that the samplings are not dense enough in some areas in CIEL*a*b* color space. So we decided
to use more primaries. We used five sampling points for each of CMY with K being 0 (herein, ink value 1 means 100% dot
area and 0 means 0% dot area) so that we could get a more accurate conversion from CMY to spectral reflectance or from
CMY to CIE XYZ. Therefore the primaries for CMY are 53 which is 125. Due to high dot gain in ink jet printers, we
sampling denser in low digital value areas so that we can get a more uniform distribution in CIEL*a*b* color space. For
CMYK, we use 8 1 primaries. The total primaries are 206 which are the sum of the primaries of the 53 sampling for the CMY
set and the 34 sampling for the CMYK set. For an input color, if K is not zero, the 16 primaries to be used in equation (2.7)
will be picked from the 81 CMYK primaries; if K is zero, the 8 primaries to be used in equation (2.7) (for K equals zero, the
primaries are reduced to 8 in equation (2.7)) will be picked from the 125 CMY primaries.

There are a few reasons that we designed above primaries. The first is that if we used five steps for all CMYK, the total
primaries would be 625 in which there would be a lot of dark and black color patches which were not necessary to be used.
The second reason is that CMY to CIE XYZ conversion is more important than CMYK to CIEXYZ conversion for the
process to generate ICC profiles and color rendering dictionaries in our processing flow. When generating printer calibration
tables, we converted device XYZ to the XYZ of CMY and the XYZ of K, then converted the XYZ of CMY to CMY and the
XYZ of K to K. The third reason is that we useed regular sampling points instead of arbitrary grid points so that the program
could runs more efficiently. We can use grid points with any CMYK values as primaries, but the program will takes more
time to search the primaries to be used in equation (2.7).
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3. EXPERIMENTAL RESULTS

An X-Rite 938 spectrophotometer was used to measure all patches. The measuring geometry is 0/45. All samples were
printed by a Hewlett-Packard 2000CP wide-format ink jet color printer in 600 DPI resolution printing mode. The HP high-
gloss paper and indoor ink set were used. A target was designed to analyze the page to page color difference of the printer.
We started with ó CMY uniformly sampling color patches. Then we used gray component replacement to convert CMY into
CMYK, therefore we had 216-patch CMYK target finally. After more than fifteen minutes of warm-up and printing, we
printed this 216-patch CMYK target twice and measured CIE L*a*h* values of both targets. The average and maximum
color errors28 - 32 are 0.8 and 2.9 .E*L*am., respectively, or 0.5 and 1.2 AE*, respectively. The histogram of AE*1ah* IS
shown in Fig. 3. These are the page to page color differences of the printer.

120

100

80
a)
U
C
G)

60
U
U0

40

20

0

0 0.5 1 1.5 2 2.5 3

Fig. 3 The histogram of the page to page color difference of the testing printer.

The 4 by 18 ramps of cyan, magenta, yellow, and black primaries were printed and the spectral reflectances were measured.
The dot areas were calculated using equations (2.7) and (2.8). Four one-dimensional lookup tables to determine CMYK dot
areas from CMYK digital counts were obtained by linear interpolation.

The 81 CMYK primaries and the 125 CMY primaries (206 totally) which are designed in the previous section were printed,
and their spectral reflectances were measured.

Two test color sets were printed to analyze color errors of the model. One is 6 uniformly sampling CMY patches and the
other is CMYK patches which is converted from this CMY set.

The Yule-Nielsen factor n for the SI CMYK primaries was optimized by minimizing the average AE*I.a.h. or E*94 using C,
M, Y. and K ramps and 125 CMY primaries. The Yule-Nielsen factor n for the 125 CMY primaries was optimized by
minimizing the average AE*L*ab* or E* using C, M. and Y ramps. We also used test color sets (216 CMY patches and 216
CMYK patches) to optimize ii factor so that we could analyze the differences in determining ii factor by using different color
sets.

3.1 Determine Yule-Nielsen n Factor and Dot Areas for the 81 Primaries

Dot areas were calculated by equations (2.7) and (2.5). C, M, Y, and K ramps. and 125 CMY primaries were used to
optimize Yule-Nielsen n value. Since the 81 primaries had been used in Neugebauer equation. they were not used to calculate
color error for optimizing n factor. The optimized n value is 5.0 by minimizing E*L*ab*. The average AE*j.a*h* and average
AE* versus n value are shown in Fig. 4. The average color error inn being 5.0 is 1.4 AE*L*aTh* or 0.9 L\E*94. The dot area
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versus digital value for n being 5.0 is shown in Fig. 5. We found that there is almost no difference in optimizing n value by
minimizing average AE*L*a*b* orby minimizing average

4

3.5
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2.5

W2
1.5

1

0.5

0

Fig. 4 Average color error versus Yule-Nielsen value n for the 81 CMYK primaries.

0.9

0.8

0.7

0.6

0.50
0.4

0.3

0.2

0.1

0
0 U) 0 U) 0 U) 0 U) 0 U) 0

c'J U) N. 0 C'J L() N- 0 C'J U)
c%j CJ J

Fig. 5 CMYK dot areas versus CMYK digital values for Yule-Nielsen value n=5.

We also used the CMYK test color set (216 patches) to optimize n value. The n value was found to be 4.5. The average color
error for 216 CMYK color patches is 2.1 AE*L*a*b* or 1.3 iE for n as 4.5and 5. This verifies that using the CMYK ramps
and the 125 primaries to optimize n value for the 81 primaries is appropriate.
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3.2 Determine Yule-Nielsen n Factor and Dot Areas for the 125 Primaries

Dot areas were calculated with the Neugebauer CQF weighting by equations (2.7) and (2.8). C, M, and Y ramps were used to
optimize the Yule-Nielsen n factor. The optimized n value is 2.5 by minimizing LE*L*a*b*. The average E*L*a*b* and
average LEI versus n value are shown in Fig. 6. The average color error in n being 2.5 is 0.8 /.E*L*a*b* or 0.5 LE The
dot area versus digital value for n being 2.5 is shown in Fig. 7.

1.2

01 253154
nvalue

Fig. 6 Average color error versus Yule-Nielsen value n for the 125 CMY primaries.
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Fig. 7 CMY dot areas versus CMY digital values for Yule-Nielsen value n=2.5.
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We also used the CMY test color set (216 patches) to optimize n factor. The n factor was also found to be 2.5. The average
color error for the 216 CMY color patches are 1 .5 iE*L*a*b* or 0.8 iE*94. The color errors are almost the same by using these
two color sets. This verifies that using CMY ramps to optimize n factor for 125 primaries is appropriate.

A summary of the n factors and color errors using different color sets to optimize the n factors for the 81 CMYK primaries
and the 125 CMY primaries is shown in Table 1.

Table 1 A comparison for optimizing n factor using different color sets

colors set to optimize n
value

81 CMYK primaries 125 CMY rimaries
CMYK ramps and
125 CMY primaries

216 CMYK colors CMY ramps 216 CMY colors

nfactor 5.0 4.5 2.0 2.0

average LE L*a*b* for
216 CMYK colors 2.1 2.1

average LE*L*a*b* for
216 CMY colors 1.5 1.5

3.3 A Comparison Between Using 81 CMYK Primaries and Using 81 CMYK Primaries Plus 125 CMY Primaries

We used the 216 CMYK color patches to compare color errors between using 8 1 primaries and 81 primaries plus 125
primaries (206 primaries totally). By using 81 primaries with the n factor as 5.0, the average color error is 2.1 .E*L*a*b* or
1 .3 iE*94, and the maximum color error is 5.5 iE*L*a*b* or 3. 1 By using the 206 primaries with the n value as 2.5 for
the CMY primaries and n value as 5.0 for the CMYK primaries, the average color error is 1 .8 AE*L*a*b* or 1 . 1 L.E*94, and the

maximum color error is 4.4 L.E*L*a*b* or 3. 1 With the 206 primaries, the average color error is decreased by 0.3
£E*L*a*b*, and the maximum color error is decreased by 1 . 1 iE*L*a*b*.

By using the 21 6 CMY color patches to calculate color errors, the average color errors and maximum color errors are 1 .8 and
6.3 I.E*L*a*b* by using the 81 CMYK primaries, and 1.5 and 4.2 iE*L*a*b* by using the 206 primaries. With the 206
primaries, the average color error is decreased by 0.3 E*L*a*b* and the maximum color error is decreased by 2. 1 AE*L*a*b*.

The above results are also listed in Table 2 and histograms of E*L*a*b* are shown in Fig. 8 and Fig. 9.
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Fig. 8 The histograms of color errors by using the 81 CMYK primaries and the 81 CMYK
primaries plus the 125 CMY primaries for the 216 CMYK test colors.
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Fig. 9 The histograms of color errors by using the 81 CMYK primaries and the 81 CMYK
primaries plus the 125 CMY primaries for the 216 CMY test colors.

Table 2 A comparison of average LE*L*a*b* and maximum AE*L*a*b*

average

216 CM
81-primary

1.8

Y Test Color
206-primary

1.5

216 CMYK
81-primary

2.1

Test Color
206-primary

1.8

maximum iEL*a*bs 6.3 4.2 5.5 4.4

4. CONCLUSIONS

A model expanded from Neugebauer color mixing model for printer color formation was developed. Different data sets were
used to model color behaviors of CMYK and CMY colors. We presented a method to design primaries so that the model
predicts colorimetric values more accurately and distributes errors more uniformly. The Neugebauer CQF weights were
implemented to optimize dot areas. Yule-Nielsen n factor was optimized by minimizing average E*L*a*b* or average AE.
In our experimental verifications, we used 81 CMYK primaries plus 125 CMY primaries and two Yule-Nielsen n factors, one
for the CMYK set and the other for the CMY set. If K value of an input CMYK color is not zero, the 8 1-primaryset will be
used to calculate spectral reflectance and colorimetric value; otherwise, the 125-primary CMY set will be used to calculate
spectral reflectance and colorimetric value. The sampling for CMY colors is denser than the sampling for CMYK colors so
that color errors can be distributed more uniformly. It also increases the accuracy of the color calibration because CMY to
Cifi XYZ conversion is more important for the accuracy of the color calibration for printers in our calibration process. A HP
2000CP wide-format inkjet color printer with high-glossy paper and indoor ink was used for testing. The average and
maximum color errors for the 216 CMYK test colors using 206 primaries are 1.8 and 4.4 *L*a*b*, respectively. The average
and maximum page to page color errors of this printer are 0.8 and 2.9 iE*L*a*bs, respectively. If we assume that L.E*L*a*b* S
additive, the average color error of this model is about 1 .0 AE*L*a*b*.
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